The thermal stability of monolithic optical microresonators is essential for many mesoscopic photonic applications such as ultrastable laser oscillators, photonic microwave clocks, and precision navigation and sensing. Their fundamental performance is largely bounded by thermal instability. Sensitive thermal monitoring can be achieved by utilizing cross-polarized dual-mode beat frequency metrology, determined by the polarization-dependent thermorefractivity of a single-crystal microresonator, wherein the heterodyne radio-frequency beat pins down the optical mode volume temperature for precision stabilization. Here, we investigate the correlation between the dual-mode beat frequency and the resonator temperature with time and the associated spectral noise of the dual-mode beat frequency in a single-crystal ultrahigh-Q MgF 2 resonator to illustrate that dual-mode frequency metrology can potentially be utilized for resonator temperature stabilization reaching the fundamental thermal noise limit in a realistic system. We show a resonator long-term temperature stability of 8.53
sub-µK in the current system, an important step towards compact precision navigation, sensing and frequency reference architectures.
Introduction
High-precision clocks and oscillators are cornerstones for global navigation to provide accurate timing and distance information, via satellite-to-satellite or satellite-to-ground communications, for the synchronization of electronic device communications and for quantum information processing using atomic qubits [1] [2] [3] . Likewise, precision time-frequency transfer in timing links is helpful for synchronization and data exchange in coherent arrays, gravitation sensing and relativity measurements [4] . Current remote free-space links relying on radio-frequency communications have limited data transfer rates largely due to the available spectral bands, and often require large antenna sizes and high power consumptions due to diffraction, which naturally demands higher frequency carriers. However, the oscillators based on electronics attain their spectral purity from the high-quality factor of the resonator circuit, which usually degrades with increasing frequency. This design, therefore, potentially increases not only the size and the power consumption but also the complexity of the signal generation subsystems. As a result, free-space low-noise optical carrier networks provide an alternative with compact footprints for high-precision timing synchronization and high data rate links [4] [5] [6] .
Optical microresonator devices are a potential platform to provide both high spectral purity and stable clock operation for future timing networks. High quality factor (Q) solid-state microresonators, especially whispering-gallery resonators [7] , have demonstrated superior performances in ultralow-noise laser oscillators and microwave generation via optical frequency division [8] [9] [10] [11] [12] [13] . They can also be disciplined to optical atomic transitions in analogous architectures of quartz-crystal microwave oscillators disciplined to radio-frequency atomic hyperfine clock transitions [14] . Single-crystal whispering-gallery resonators are advantageous when compared to other solid-state microresonators since they have Qs more than a billion, significantly higher than those of quartz oscillators (10 6 ) and rubidium clock hyperfine atomic transitions (10 7 ) used in current time and frequency standards. This high-Q or narrow-linewidth feature provides lower phase noise and thus potentially lowers the timing jitter of the electromagnetic carrier. Furthermore, the small form factor of the resonators also allows for miniaturization towards space applications [15] . However, solid-state microresonators experience large thermal noise induced by the medium, potentially hindering the ultimate performance of the microresonators towards advanced applications in ultrastable laser oscillators and photonic microwave clocks. Temperature-induced aging could also be detrimental for sensitive optical sensors using the microresonators. For instance, the achievable bias stability of the microresonator resonant gyroscopic sensor is typically larger than 3° hr -1 [16] and is bounded by the resonator thermal stability.
For sub-millimeter-scale resonators, theoretical models predict that sub-µK stability is required for achieving the thermodynamically limited noise level corresponding to a resonance frequency stability of 10 -13 or less [17] . Such sub-µK monitoring cannot be achieved with conventional thermistors due to the thermistor nonlinearity. The temperature of the thermistors is generally approximated by using the Steinhart-Hart thermistor third-order approximation. To overcome the detection and control limit, a cross-polarized dual-mode temperature stabilization method has been suggested in birefringent crystalline resonators [18] [19] [20] . The approach draws from the frequency stabilization of quartz oscillators using two mechanical modes with different thermal sensitivities [21] . In our approach and prior studies, the laser frequency is locked to an extraordinary polarized resonator mode, and its radio-frequency modulated sideband, or a second laser frequency, is subsequently locked to an ordinary polarized resonator mode. The different thermorefractive coefficients of the orthogonally polarized modes allow the thermal sensitivity of the resonator mode to be detected down to sub-µK levels with a precisely measurable cross-polarized dual-mode radio-frequency beat, which facilitates the precise thermal stabilization of the resonator.
Previous experiments implementing this approach have reported the microresonators that are temperature-stabilized with 10-to 100-nK precision, which is calibrated by the in-loop cross-polarized dual-mode beat frequency measurement. For the sub-µK resonator temperature, the laser frequency instability locked to such resonators should reach less than 10 -13 even at 1000 s integration time based on the theoretical thermodynamic noise models [22] . However, the frequency instability reported in the experiments shows substantial discrepancy from the theoretical model, implying that the stringent correlation between the resonator temperature and the cross-polarized dual-mode beat frequency could no longer hold true in time. This discrepancy raises the question of whether the thermodynamically limited resonator temperature stabilization using the dual-mode beat stabilization method is fundamentally insufficient for the realistic millimeter-scale ultrahigh-Q resonator or the discrepancy stems from extraneous noise that needs to be identified and compensated.
First, one can consider that this mismatch arises from the temperature nonuniformity or temperature gradient caused by the temperature difference between the resonator and its enclosure or between the substrate and the resonator, leading to the imperfect control of the resonator thermal expansion. Second, the waveguide effects and the modal interactions experienced by optical modes can possibly modify the refractive indices and the mode volumes of the resonator. Third, the cross-polarization metrology probes predominantly the optical mode volume temperature with the optical mode distribution at the resonator rim, while the resonator volume temperature -and hence the volumetric size fluctuation -may be less correlated. In addition, the finite heat diffusion time-scale results in a time lag (before thermal equilibrium) in the resonator stabilization. The first question was studied by Baumgartel et al. in Ref. [19] .
Varying the temperature difference between the resonator and its enclosure introduces an extraradial deformation caused by the variation in temperature gradient along the radial direction, and the deformation increases with the size of the resonator. In this work, we implement a thin cylindrical ultrahigh-Q magnesium difluoride (MgF 2 ) resonator with a smaller radius by a factor of 2.407 compared to the one used in Ref. [19] .
Results

Theoretical model of dual-mode temperature stabilization
The resonator is made from a z-cut magnesium difluoride (MgF 2 ) single crystal. It is a thin disk-shaped resonator with a radius (R) of 1.35 mm, which is sizably smaller than that of our prior study to mitigate the temperature gradient and shorten the heat diffusion time to achieve fast thermal equilibrium. A ring-down time of 3.63 µs is measured, corresponding to Q of 2.1×10 9 , as illustrated in Figure 1a . MgF 2 is a birefringent crystal with n e = 1.382 and n o = 1.37, where (o) represents the ordinary polarized light or polarized with a TM mode and (e) represents the extraordinary polarized light or polarized with a TE mode, for the z-cut resonator. The resonance frequency in the whispering-gallery resonator has a linear function of temperature dependence that can be quantified using the thermal expansion coefficient, describing the resonator expansion perpendicular to the crystal axis (α l,(o) ), and thermorefractive coefficients (α n, (o,e) ). The expansion along the symmetry axis has a much weaker impact on the mode frequency and can be neglected. At room temperature, these coefficients are
The thermal dependence of the TM and TE mode frequency difference,
heterodyne beat note), can be determined by [17]. The thermorefractive index changes due to the temperature change are small -we use a ΔT = 10 K to visualize the modification. Regardless of the temperature (even with ΔT = 10 K), the refractive index modification due to the waveguide modal effect is equally a factor of 5×10 -3 for each mode, implying that the difference in refractive indices [α n,(o) -α n,(e) ] can thus be safely considered the same for our dual-mode temperature stabilization. We also simulate the possible anisotropic thermal expansion of the mode cross-sections. For 1 K of the temperature change, the resonator deformation is small enough, as illustrated in Supplementary Information S2, and the distinct mode area change is not observed. If we consider that our resonator mode volume temperature can be stabilized to sub-µK, the modal size fluctuations can therefore be effectively neglected for stabilization.
Correlation measurements between the dual-mode frequency and the resonator temperature
We encapsulate the microresonator in a compact aluminum oven with temperature control and photodetector units in a small form factor, as shown in Figure 1b . The resonator temperature is prestabilized at 295.7 K with mK precision over hours via the proportional-integral-differential (PID) control of a thermoelectric cooler (TEC) in a resonator mount. The resonator is then placed in a compact vacuum chamber, and the chamber is evacuated to maintain a high vacuum level (8×10 -6 torr) to eliminate convective heat transfer and environmental perturbations such as pressure and humidity. For instance, strong acoustic noise peaks are eliminated from the dual-mode beat phase noise, as illustrated in Supplementary Information S3. Figure 2 shows the schematic experimental measurement set-up. We utilize two cw lasers to interrogate a TM mode and a TE mode, respectively. The lasers that we used for stabilization to the resonator have a linewidth of 3 kHz at 100 ms integration time. The laser helps to interrogate ultrahigh-Q resonances without unwanted heating of the resonator so that the short-term scale temperature stability is not limited by the laser. The orthogonally polarized laser beams are combined with a fiber-optic polarization beam combiner and evanescently coupled into the whispering-gallery resonator via a prism [24] .
Each laser frequency is locked to the resonance mode via the Pound-Drever-Hall (PDH)
technique [25] . The optical power used to interrogate the resonator is 20 µW for each resonance mode. We first find the resonance frequency of a TM mode and then interrogate a TE mode near the TM mode, offering the best PDH error signals. A single photodetector is implemented, and the two PDH error signals are separated by two different electro-optic modulation frequencies. 
Dual-mode temperature stabilization and residual drifts
We stabilize the dual-mode beat frequency by controlling the intensity of the TE laser into the resonator with an acousto-optic modulator (AOM). The inset in Figure 4a shows the frequency measurement of the in-loop dual-mode beat carrier locked to a radio-frequency reference with 1 s gate time. While the dual-mode beat frequency is locked, we count the TM laser frequency and plot the measured AD, as shown in Figure 4a We investigate this frequency drift by measuring and analyzing the frequency noise of the dual-mode beat frequency and find that the drift could be attributed to the noise of the radio-frequency clock to which the dual-mode beat frequency is locked. Figure 5a illustrates the stabilized dual-mode beat frequency spectrum (inset) and its single-side-band (SSB) phase noise.
The dual-mode beat frequency stabilization loop suppresses noise up to 300 Hz offset frequency.
When the higher feedback gain was applied, we found strong 60 Hz harmonic peaks in the error signal, which limits the available feedback gain. However, we found that the feedback bandwidth and gain could not be the fundamental limiting factors for the long-term temperature stability of the resonator. In principle, time averaging with more than the characteristic time, which is required to reach the resonator heat equilibrium (≈30 s), can help to rule out fast frequency fluctuations. The dual-mode beat frequency noise starts to converge to the reference clock noise below 1 Hz offset frequency. The locked dual-mode beat frequency SSB phase noise has a decaying slope of f -1 while the radio-frequency reference SSB phase noise has a decaying slope of f -4.6 near the carrier frequency, which implies that the two curves could have a crossover so that the achievable dual-mode beat frequency stability can be bounded by the radio-frequency clock noise beyond the crossover point, which potentially introduces the frequency drift in our current system. To verify this assumption, we deliberately reduce proportional feedback gain without losing frequency locking and measure the stability again. Although the stabilities at τ < 100 s are rather worse, the frequency drift is significantly suppressed, as illustrated in Figure 5b .
The drifts estimated with a linear function fitting show 11.8 kHz min -1 and 0.54 kHz min -1 at the two different gains. The AD at 1000 s integration time is improved by an order-of-magnitude compared to that with the higher gain and the resonator temperature remains to be approximately 10 µK from 1 to 1000 s integration time. The TM laser frequency instability is improved approximately by a factor of 51.78 to 14.55 kHz at 1000 s integration time compared to the instability (753.8 kHz) before stabilizing the dual-mode mode beat frequency as illustrated in Figure 5d .
Residual intensity noise contributions
We 
Discussion
We implement the cross-polarized dual-mode temperature stabilization for a birefringent high-Q whispering-gallery resonator and improve the long-term stability by ≈ 51× at 1000 s integration time. We achieve 10 µK resonator temperature instabilities even up to 1000 s integration time, enabling this compact optical resonator module to serve as a high-performance frequency reference in potential metrology, timing and frequency transfer applications. The numerical simulations reveal the possible thermorefractive coefficient and mode volume modification due to the waveguide effect and the heat diffusion process in the MgF 2 resonator.
The characteristic time for the resonator temperature equilibrium is deduced and matched with the experimental result. Further, more accurate models consider the impact of TEC control because the ambient temperature variations can trigger the TEC to maintain the enclosure temperature, leading to a change in the resonator temperature. Improved system thermal isolation from the surrounding environment may be needed. Although the current long-term frequency or temperature stability seems to be restricted by the low Fourier frequency noise of the radio-frequency clock used for the dual-mode beat frequency stabilization, further investigations and understandings on noise are desirable for operating the resonator stability at fundamental thermodynamic noise limits.
Materials and Methods
FEM optical and thermal modeling and simulations for the MgF 2 resonator
The thin cylindrical MgF 2 resonator is modeled using 2D-axis symmetry in COMSOL multiphysics with a 1.35 mm bending radius and a 12. By lowering the proportional gain, the long-term stability is improved, illustrating that the radio-frequency reference noise could be responsible for the frequency drift. d The lower proportional gain makes the enhancement slower along the integration time, but the enhancement roll-off is avoided with the higher gain. 
S1. Mode extinction at each polarization mode
There are no pure TM and TE modes but there exist TM-like and TE-like modes. In order to check the purities of the modes, we simulated the both TM and TE modes at each eigenfrequency of the whispering-gallery resonator and the power extinction ratios between TM and TE modes are ≈35 dB, which is pure enough, so that we ignore modal interaction contributions from the other residual mode at each eigenfrequency. Figure S1 . TM and TE modes extinctions. The mode extinction for both eigenfrequencies are ≈35 dB.
S2. Impact of the modal area change due to the thermal expansion
The change in the waveguide dimension due to the thermal expansion could introduce some changes in the size of modal areas (A m ) and mode volumes (V m ). To estimate this effect, we performed the FEM simulation and derived the change in A m. The different thermal expansion coefficients can change the waveguide shape asymmetrically (i.e. elliptic). The 1 K temperature variation changes the length perpendicular to the optical axis by 222.5 pm and the length parallel to the optical axis by 342.5 pm in the modal area. The deformation is small enough if we consider that our stabilized resonator mode volume temperature is controlled at 10 µK and thus it will not make meaningful impact on the size of the modal area and therefore on the power spectral density of the thermorefractive frequency noise. Figure S2 . FEM simulation of modal area variation due to the thermal expansion. The different thermal expansion coefficient can change the waveguide shape asymmetrically (ellipse). The 1 K temperature variation changes the resonator length perpendicular to the optical axis by 222.5 pm and the resonator length parallel to the optical axis by 342.5 pm in the modal area. The deformation is small enough and does not make meaningful impact on the size of the modal area in numerical simulations.
S3. Impact of ambient pressure
The microresonator is placed in a compact vacuum chamber and evacuated to eliminate convective heat transfer and ambient perturbations such as pressure and humidity. The strong acoustic noise peaks above 1-kHz offset frequency are attenuated or eliminated, which is not compensated by the active dual-mode temperature stabilization feedback loop. Figure S3 . SSB phase noise of the dual-mode beat frequency in different pressure levels. Red line at 8×10 -6 torr and black line at 1×10 -3 torr. Acoustic noise is further suppressed at the lower pressure level.
S4. Heat diffusion in the resonator and the resonator volume temperature distribution
The absorbed light by the resonator can change not only local mode volume temperature but also change the resonator volume temperature via heat diffusion. We simulate the heat diffusion in the resonator caused by a laser heat source with the time-dependent heat diffusion analysis tool in the COMSOL Multiphysics, in which we exclude the contribution of independently feedback-controlled TEC. The elliptic-shaped heat source is centered at the TE mode peak with ≈10 µm 2 because most laser energy is concentrated near the mode peak as illustrated in Figure S4a and the 2D axis-symmetry geometry are implemented for simulating the cylindrical whispering-gallery resonator structure. We use parameters that use in the experiment for this simulation and they are shown in a Figure S4b and the result is also shown in Figure 3e . In the simulation, T m is measured around the optical mode volume (circled area in Figure S4a ) and T c is measured for the entire resonator. Figure S4 . FEM simulation of the heat diffusion in the resonator. FEM simulation of the heat diffusion in the resonator and the resonator volume temperature distribution in time when a laser heat source is located at the center of the TE mode. The temperature distribution shows negligible changes after 30 s.
S5. Impact of the relative intensity noise (RIN) on the resonator temperature stability
To quantify the laser RIN contribution to the resonator temperature stability. We investigate a transfer function showing the resonance frequency shift induced by the laser intensity modulation. The coupled laser power is modulated by an acousto-optic modulator with a 1 Hz top-hat function with the modulated laser power (0.75 %) into the resonator and the corresponding TM laser frequency is measured. TM laser frequency shift is measured. We determine resonance frequency shift on the coupling power modulation -2.66 kHz for 1 % coupled power change corresponding to 200 nW. Figure S5 . The TM laser frequency shift due to the coupled laser intensity modulation. The TM laser frequency response to the input power modulation. The TE laser is modulated with a 1 Hz top-hat function and the TM laser frequency response is measured to be 2 kHz for 0.75 % coupled power change.
